Let be a finite thick dual polar space, and let H be a hyperplane of . Calling the elements of of type 2 quads, we call a quad α ⊂ H singular (respectively subquadrangular or ovoidal) if H meets α in the perp of a point (respectively in a full subquadrangle or in an ovoid). A hyperplane is said to be uniform if all quads not contained in it are either singular or subquadrangular or ovoidal.
INTRODUCTION
Let be the dual of a finite thick polar space of rank n ≥ 3. The points of are the maximal subspaces of , the lines are the comaximal subspaces, and so on. has the diagram
points lines quads symps 0 1 2 3 n − 2 n − 1
As indicated in the figure, we call quads the elements of type 2 of and symps those of type 3.
If n > 3, then the residue Res (α) of a quad α of is the direct sum of a generalized quadrangle and a projective space of dimension n − 3. Regarding α as an (n − 3)-space of , we call the generalized quadrangle consisting of the maximal and comaximal subspaces of containing α the lower residue of α and denote it Res − (α). For ease and by abuse of notation, we say residue of α for Res − (α). Moreover, we write just α to denote the generalized quadrangle Res − (α). Therefore, for instance, if H is a hyperplane of , then α ∩ H denotes the geometry of points and lines of α contained in H .
Similarly, if n > 4 and σ is a symp, we write σ to denote the lower residue Res − (σ ), being the dual polar space of rank three consisting of the maximal, the comaximal and the (n − 3)-spaces of containing σ (regarding σ as (n − 4)-space of ).
We use the symbol ⊥ to denote collinearity of . If P is a point of , we write P ⊥ for the perp of P, which is the set of points of collinear with P, including P.
If H is a hyperplane of and α a quad, then either α is contained in H or α ∩ H is a hyperplane of the generalized quadrangle α. If α ⊂ H , then the hyperplane α ∩ H of α is the perp of a point or a full subquadrangle or an ovoid (cf. Payne and Thas [3, 2.3.1]). Accordingly, we call the quad α singular, subquadrangular, or ovoidal, respectively. If α is singular and P is the point of α such that
⊂ H . Pasini and Shpectorov [2] call a hyperplane H of a dual polar space locally ovoidal (respectively locally singular and locally subquadrangular), if each quad α not contained in H meets the hyperplane in an ovoid (respectively in the perp of a point or in a subquadrangle). A hyperplane is called locally uniform if it is locally ovoidal or locally singular, or locally subquadrangular. The main result of [2] is the non-existence of locally subquadrangular hyperplanes in finite dual polar spaces of rank three apart from two small examples, one in the orthogonal polar space Q 6 (2) and one in the Hermitian polar space H 5 (4).
The existence of locally ovoidal hyperplanes is an outstanding problem. Pasini and Shpectorov [2] prove that, given a locally ovoidal hyperplane H of a dual polar space of rank three, its complement \ H cannot be flag transitive.
For locally singular hyperplanes of dual polar spaces of rank three, there are two possibilities. The points at non-maximal distance from a given point P form a locally singular hyperplane called the singular hyperplane with deep point P. Note that singular hyperplanes exist in every dual polar space of any finite rank.
Supposing the rank is three, if there is no deep point and all quads are singular, then the hyperplane H is a generalized hexagon and there exists a bijection from the quads of onto the set of deep points of the singular quads (Shult [5] ). By Pralle [4] , the polar space = * is an orthogonal polar space Q 6 (K ) for a field K , and H is a split Cayley hexagon H (K ) (for definition of H (K ), see Van Maldeghem [7, 2.4 .9], for instance).
Non-uniform hyperplanes of dual polar spaces have barely been investigated yet. In the finite case, Pralle [4] classifies hyperplanes of dual polar spaces of rank three such that both singular and ovoidal quads exist, but no quad is subquadrangular.
In this paper, we prove the following.
THEOREM 1. If H is a non-uniform hyperplane of a finite thick dual polar space of rank equal to or greater than three, then there exists a singular quad.
REMARKS. Note that finite thick polar spaces are classical by Tits [6] . To prove the Theorem, we suppose the existence of both ovoidal and subquadrangular quads w.r.t. the hyperplane H and show that there exists a singular quad, too.
The generalized quadrangle Res − (α) for a quad α of admits an ovoid only if it is isomorphic to Q 4 (q), S 3 (q) or H 3 (q 2 ) for some prime power q where S 3 (q) admits ovoids only if q is even (cf. Payne and Thas [3, 3.4.1] ). However, the Hermitian generalized quadrangle H 3 (q 2 ) does not admit a subquadrangle being a hyperplane. The same holds for S 3 (q) when q is odd (Payne and Thas [3, 3.3.1(i)]). Therefore, if both ovoidal and subquadrangular quads exist, the lower residues of the quads of are isomorphic to Q 4 (q) (we recall that S 3 (q) ∼ = Q 4 (q) when q is even).
Therefore, if admits both ovoidal and subquadrangular quads, then is dually isomorphic to S 2n−1 (q), where n is the rank of , and α ∩ H is a grid for every subquadrangular quad α of .
PROOF OF THE THEOREM
For basic properties of dual polar spaces, the reader is referred to Cameron [1] . If α is a quad of a dual polar space and P is a point not in α, then there exists exactly one point in α nearest to P. If the rank of is three, then there exists exactly one point in α collinear with P. DEFINITION 2. Let α be a quad of the dual polar space of finite rank. We call the map sending every point P ∈ to the point of α nearest to P the projection onto α and denote it by π α .
We call a line (quad) a −-line (respectively −-quad) if it is contained in H and a +-line (respectively +-quad) if it is not contained in H . Furthermore, we denote the set of −-lines by L, and the set of points of H on lines of L by S.
We first prove the Theorem for hyperplanes of dual polar spaces of rank three as Lemmata 3-9. Then the general assertion follows as a corollary.
So, suppose H is a hyperplane of a finite dual polar space of rank three such that both subquadrangular and ovoidal quads exist. Moreover suppose no singular quad exists. We deduce by simple counting arguments a contradiction. As remarked at the end of Section 1, the dual of is isomorphic to S 5 (q), so the quads of are isomorphic to Q 4 (q) and the residues of the points of are isomorphic to P G (2, q) . In particular, all lines of have q + 1 points and belong to q + 1 quads.
LEMMA 3. The hyperplane H does not contain any quad.
PROOF. Assume to the contrary that α is a quad contained in H . Suppose P is a point of α not deep w.r.t. H . Then no quad containing P is ovoidal, since P is contained in the −-quad α. Thus, given a +-line l through P, the quads on l are subquadrangular. Hence there are (q + 1)(q − 2) + 1 lines through P not contained in H .
Let σ denote the number of subquadrangular quads on P. We count the pairs of +-lines through P and subquadrangular quads incident to them. It follows that
So, q − 1 divides (q + 1)(q 2 − q − 1), namely q − 1 divides q + 1 which forces q ≤ 3. Suppose q = 3. Let ω be an ovoidal quad and Q be a point of ω ∩ H , and set T := π α (Q). On each line through T in α, there is a subquadrangular quad. There are σ = 10 subquadrangular quads through T and q 2 + q + 1 − σ = 3 quads through T contained in H . Let α 0 = α, α 1 , and α 2 be the −-quads through T . Let η be a subquadrangular quad through T meeting α in a line h not belonging to α 1 or α 2 . Since η contains only two −-lines through T , it meets α 1 and α 2 in the same line. If η is another quad on the line h, it meets α 1 and α 2 in distinct lines. Hence η has three −-lines through T and is contained in H . This is impossible since α 0 , α 1 , and α 2 are the only −-quads through T .
So, suppose q = 2. Let ω be an ovoidal quad and Q be a point of ω ∩ H , and set T := π α (Q). Each line through T in α is contained in a subquadrangular quad. There are σ = 3 subquadrangular quads through T and, as all quads on l are subquadrangular, they are precisely the three quads on l. So, on each line in α through T , there are exactly one subquadrangular quad and two −-quads.
Let m, n be distinct lines in α through T . By the previous paragraph, there is a −-quad α = α on m. Let η be the subquadrangular quad on l meeting α in the line n. The lines of η through T are l, n, and α ∩ η. Hence all lines of η through T are contained in H -a contradiction.
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COROLLARY 4. The hyperplane H has no deep point.
PROOF. Assume P ∈ H is a deep point. Then all quads through P are contained in Hcontrary to Lemma 3. PROOF. Let l be a line contained in H and P be a point on l. Since by Lemma 3 all quads on l are subquadrangular, there are (q + 1) + 1 = q + 2 lines through P contained in H . As no three of them belong to the same quad, they form a hyperoval in the projective plane Res(P). Hence q is even. The remaining claims of the lemma are obvious. 2
LEMMA 6. The hyperplane H has q
PROOF. Suppose σ is a subquadrangular quad and let be the subquadrangle σ ∩ H . Since every point of is collinear with a unique point of σ , any two lines that are not contained in σ and meet σ in distinct points are non-concurrent. Using this, we count the number of points of H . Given a point X ∈ , by Lemma 5, there are q lines through X not in σ belonging to H , whence |(X ⊥ ∩ H ) \ σ | = q 2 . On the other hand, if Y is a point of σ \ , then all lines on Y meet H in exactly one point and, hence,
There exists a point P ∈ H such that all quads through P are ovoidal.
PROOF. Assume to the contrary that there is no such point in H . Then through every point of H , there is a −-line, i.e. S = H . By Corollary 4, H has no deep point. By this observation and Lemma 5, on every +-line, there are q/2+1 subquadrangular quads since S = H . We count the incident pairs of lines and subquadrangular quads through a point X ∈ H . If d denotes the number of subquadrangular quads containing X , we have (q 2 + q + 1)(q/2 + 1) = (q + 1)d. This is impossible since q + 1 is relatively prime to both q/2 + 1 and
PROOF. Suppose ω is an ovoidal quad and let denote the ovoid ω ∩ H . The points of belong to either S or H \ S. Similarly to the proof of Lemma 6, we want to determine the number of points of H by counting the points of H collinear with the points of the quad ω. If X ∈ ω \ , then (X ⊥ ∩ H ) \ ω has q 2 points. Thus the number of points of H \ ω collinear with some point of ω \ is q 2 ((q + 1)(q 2 + 1) − (q 2 + 1)) = q 3 (q 2 + 1). Each of the remaining N := |H | − q 3 (q 2 + 1) − (q 2 + 1) = q 4 + q 2 + 2q points of H \ ω (cf. Lemma 6) is collinear with some point of .
However, the points of H \ω collinear with some point of are partitioned in q(q +2)-sets, since with each point X ∈ on some −-line there are q + 2 lines through X contained in H , and with each point Y ∈ on no −-line there is no point of H collinear with Y . Therefore, q(q + 2) must divide N = q 4 + q 2 + 2q, whence q + 2 divides q 3 + q + 2 requiring q = 2.2 LEMMA 9. Conclusion if the rank is 3.
According to Lemma 8, suppose q = 2 in the following. Firstly, we show |S ∩ ω| = 3 and |(H \ S) ∩ ω| = 2 for each ovoidal quad ω. Let k denote the number of points of H \ S in ω. We count the points of H by summing the number of points of H collinear with those of ω to obtain |H | = (q 2
Secondly, on every point X ∈ S, there exists exactly one ovoidal quad. Indeed, since there exist three +-lines through X , on the one hand there exists an ovoidal quad since any two lines through X span a quad, and on the other hand there is at most one ovoidal quad since each ovoidal quad on X contains three +-lines.
Let P ∈ H \ S (recall H \ S = ∅). Let ω be an ovoidal quad not containing P (such a quad exists since given an (ovoidal) quad containing P, according to k = 2, it contains a point R ∈ H \ S distinct from P; thus all seven quads containing R are ovoidal and only one of them contains P). Denote by l the line through P meeting ω. The three ovoidal quads on l meet ω in lines l 1 , l 2 , l 3 . Denoting P i := l i ∩ H , at least one of P 1 , P 2 , P 3 , say P 1 , belongs to S, since ω has k = 2 points of H \ S. Then the two quads P, P 1 and ω are ovoidal quads containing P 1 ∈ S-a contradiction to the previous paragraph. The assertion of the theorem is proved if the rank is three.
PROOF OF THE THEOREM. Suppose H is a non-uniform hyperplane of a finite dual polar space of arbitrary rank n ≥ 4 that meets no quad in the perp of a point. The hyperplane H does not contain any quad since otherwise there exist a −-quad and a subquadrangular quad having a line in common and being contained in a symp, i.e. in a dual polar subspace of of rank three, which is impossible by the proof of Lemma 3. Thus all quads are either ovoidal or subquadrangular and both exist. Therefore, there are an ovoidal and a subquadrangular quad being contained in a symp which is a dual polar subspace of rank three met by H in a nonuniform hyperplane with only subquadrangular and ovoidal quads. The latter is impossible as we have seen before.
